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Using Langevin simulations, we nd that simple 'generi' bead-and-spring homopolymer hains in
a suiently bad solvent spontaneously develop helial order during the proess of ollapsing from
an initially strethed onformation. The helix formation is initiated by the unstable modes of the
straight hain, whih drive the system towards a long-lived metastable transient state. The eet is
most pronouned if hydrodynami interations are sreened.
PACS numbers: 36.20.Ey,82.37.-j,87.15.He
Helies are among the most ommon strutures in na-
ture. They are simple shapes whih an be stabilized
rather easily with suitable potentials [1, 2, 3℄. α-helies
in proteins have the favorable property of being highly
designable in the sense that they are robust to mu-
tations and thermodynamially stable [4℄. Hene he-
lies are interesting strutures from a stati point of
view. In this Rapid Communiation, we report on a
dynami nonequilibrium phenomenon where they also
appear spontaneously, for purely kineti reasons, with-
out speial potentials or loal onstraints [5℄: In om-
puter simulations, we nd that simple, generi polymers
in suitable environments reoil into well-ordered helies
when released from an initially strethed onguration.
This happens despite the fat that the ground state of the
polymers is denitely non-helial. The helies emerge as
metastable transient states with a nite, temperature-
dependent lifetime, whih may beome quite large.
The dynamis of polymer ollapse has been studied in
generi model hains by a number of authors [6, 7, 8, 9℄.
Our work diers from these studies in two aspets. First,
we study quenhes to very low temperatures, about 1/100
of the Theta temperature. Seond, we do not start from
an equilibrated high-temperature onformation (a oil),
but from a strethed hain. Hene we study mehanial
quenhes rather than temperature quenhes. Suh rapid
mehanial quenhes are realized, e.g., if the hain is at-
tahed at both ends to objets that move apart, by links
that are weak enough that they eventually break up.
We have observed helix formation for various dier-
ent hoies of potentials. In this Rapid Communiation,
we restrit ourselves to the simple ase of Lennard-Jones
beads onneted by harmoni springs for larity of pre-
sentation. Beads that are not diret neighbors on the
hain interat via a trunated Lennard-Jones potential
V
LJ
(r) =
{
4ǫ[(σ/r)12 − (σ/r)6 + c0] for r < 2.5σ
0 otherwise,
(1)
where the onstant c0 is hosen suh that the potential is
ontinuous everywhere. Adjaent beads in the hain are
onneted by bonds subjet to the spring potential
V
bond
(r) = a (r − r0)
2
(2)
with a = 100ǫ/σ2 and r0 = 0.85σ. The theta tempera-
ture for these hains is of the order kBTθ ∼ ǫ [10℄. We
investigate the kinetis of hain ollapse at temperatures
that are 10-100 times lower, starting from an initially
straight hain. As dynamial model for the motion of
the beads we use Langevin dynamis with and without
hydrodynamis. Inertia eets are taken to be negligi-
ble [11℄. The natural units of our simulation are dened
in terms of the bead size σ, the Lennard-Jones energy ǫ,
and the frition oeient ζ (see below). Based on these
quantities, the time unit is τ = ζσ2/ǫ.
We begin with disussing the ollapse dynamis with-
out hydrodynamis. The solvent surrounding the hain is
then eetively replaed by the frition ζ and a Gaussian
distributed stohasti fore ~ηi ating on the monomer i,
whih fullls the onditions [12℄ < ~ηi >= 0 and
< ηi,α(t)ηj,β(t
′) >= 2ζ kBT δijδαβ δ(t− t
′), (3)
with monomer indies i, j = 1 . . .N , artesian diretions
α, β ∈ {x, y, z}, and t, t′ two given times. The equations
of motion are
ζ ~˙ri = ~fi + ~ηi. (4)
They are integrated using an Euler algorithm with the
time step ∆t = 5 × 10
−4τ . The stohasti noise ~ηi was
implemented by piking random numbers with uniform
distribution, but the orret mean and variane (3) at
every time step [13℄.
Figure. 1 shows examples of a ollapsing hain at
moderate and very low temperature (T = 0.5ǫ/kB and
T = 0.01ǫ/kB, respetively). At moderate temperature,
a variant of the well-known pearl-neklae senario [6, 7℄
is reovered: The ollapse starts with the formation of
small globules at both ends of the hain, whih subse-
quently grow in size and nally merge into a single glob-
ule. At low temperature, the senario is entirely dierent:
Instead of disordered globules, well-ordered helies ap-
pear at the ends of the hain. This proess is symmetry-
breaking, sine the model potentials do not impose any
2FIG. 1: Congurations of an initially strethed hain with
length N = 200 monomers at dierent times t for the tem-
perature T = 0.5ǫ/kB (top) and T = 0.01ǫ/kB (bottom).
hirality. The helial strutures then propagate along
the hain, until they meet in the middle. The nal hain
struture is an almost perfet helix with possibly one de-
fet in the middle, depending on whether the hiralities
of the two merging helies math eah other. It is har-
aterized by the radius R ∼ 0.5σ, the pith D ∼ 1σ, and
has roughly n ∼ 4 monomers per turn.
Simple energy onsiderations show that these helies
are by no means the ground state of the hain. The
lowest energy state of an innitely long hain, where sur-
fae eets an be negleted, is most likely a struture
with lose-paked parallel strands. A straightforward en-
ergy minimization for this struture yields the energy per
monomer U
tot
/N = −7.75ǫ. In ontrast, the lowest pos-
sible energy per monomer of an innitely long helix is
Utot/N = −3.26ǫ, whih is learly higher. This is of
ourse not surprising, given that helies have a large, en-
ergetially unfavorable polymer-solvent interfae. They
annot possibly be ground states at innite hain length.
The question remains whether the nitely long hains
onsidered in the simulations have a helial ground state.
The exat alulation of the ground state energy for
hains of nite length is a formidable task. We have
estimated an upper bound with the method of simulated
annealing. At hain length N = 50, we get U
tot
< −210ǫ,
orresponding to U
tot
/N < −4.2ǫ per monomer, whih
is well below the energy of an optimized helix. The low
energy onformations do not even exhibit loal helial or-
der. Hene we onlude that hains of length N = 50 or
longer are not helial: The helial state observed in the
simulations is a kineti trap.
Intriguingly, it does not even orrespond to the en-
ergetially optimized helix. The energy minimization
for helial strutures (minimized with respet to the ra-
dius, the pith, and the bond length) yields a series of
loal minima haraterized by dierent numbers n of
monomers per turn, i.e., n = 3.92, 4.81, 5.75, 6.71, · · ·.
The lowest minimum is at n = 4.81. The strutures of
the helies shown in Fig. 1 are loser to the struture
orresponding to n = 3.92 with an energy per monomer
U
tot
/N = −3.04ǫ.
Insight into the initial proess of helix formation an
be gained from a linear stability analysis of the starting
onformation, the strethed hain. The unperturbed ref-
erene state is an energetially relaxed straight hain with
bond length b ≈ b0. The Eigenmodes of the Hessian ma-
trix are the longitudinal (L) and transverse (T ) phonons
of this hain. Negleting hain end eets, they have the
wavelengths λm = bN/m and the frequenies [14℄
ω2m,L = a+
d2V
LJ
dr2
(
cos(2πb/λm) + 1
)
(5)
ω2m,T =
dV
LJ
dr
1
2b
(
cos(2πb/λm)− 1
)
, (6)
where d2V
LJ
/dr2 is negative and dV
LJ
/dr is positive. Un-
stable modes are haraterized by imaginary frequenies.
If the spring onstant a is suiently large, the straight
hain onformation is stable with respet to all longi-
tudinal phonons. However, it is unstable with respet
to transverse phonons with short wavelengths, λ < 4b.
Hene helial modes with less than n = 4 beads per
turn are unstable. The most unstable phonon mode or-
responds to a zigzag mode. Indeed, weak zigzags are
observed at the onset of the ollapse proess, but helix
formation soon takes over, due to the fat that the he-
lial state orresponds to a loal energy minimum. We
onlude that the helix formation is initially a driven pro-
ess. This explains why the system piks the helial state
with n = 3.92, rather than the optimized helial state at
n = 4.81.
The subsequent ollapse is analyzed most onveniently
in a slightly modied system where one hain end is xed,
orresponding, e.g., to a grafted hain. The helix forma-
tion then proeeds from only one end (the free end), and
the defet in the middle of the hain is avoided. Follow-
ing Kemp and Chen [15℄, we dene the two helial order
parameters
H4 =
( 1
N − 2
N−1∑
i=2
uˆi
)2
, H2 =
1
N − 3
N−2∑
i=2
uˆi ·uˆi+1. (7)
where the uˆi are unit vetors proportional to ~ui ∝
(ri − ri−1)× (ri+1 − ri), and N is the hain length. The
parameter H4 haraterizes the global helial order, and
H2 the loal order along the hain.
Fig. 2a) shows a typial time evolution of the or-
der parameter H4 for suh a hain at the temperature
T = 0.04ǫ/kB. One an distinguish two stages: In the
beginning,H4 rises linearly up to a saturation value. This
orresponds to a driven regime, where rst the instability
desribed above triggers the formation of a helix at the
free hain end, and then this helix propagates into the
hain. In the seond stage, the hain stays perfetly he-
lial for a while, until suddenly part of the helial order
gets lost. To analyze this seond stage, we have reorded
the lifetimes of the helial state in 200 independent runs
(dierent random numbers), starting from an idential
helial hain onformation. The lifetime was dened as
the time when the energy dropped below a given thresh-
old Et, whih was hosen below the initial energy E0
suh that E0 −Et was of the order 1ǫ, muh larger than
3FIG. 2: Time evolution of helial order for endgrafted hains
with length N = 50 at temperatures around kBT/ǫ ∼ 0.04.
(a) Evolution of order parameter H4 for one spei run, with
orresponding hain onformations (grafting point is repre-
sented by a dark sphere). (b) Number N(t) of remaining
purely helial onformations after the time t in a sample of 200
initially helial onformations, at temperature kBT/ǫ = 0.04
for two hain lengths as indiated. Dashed lines show ts to
an exponential, N(t) ∼ exp(−t/t0) with esape time t0. (,d)
Esape rates 1/t0 in units of 1/τ as a funtion of hain length
for the temperature kBT/ǫ = 0.04 (), and as a funtion of the
inverse temperature for the hain length N = 50 (d). Dashed
line in () shows the result of a t to 1/t0 ∝ exp(−∆E/kBT ),
giving ∆E = 0.041 ± 0.002ǫ.
the typial energy utuations of an intat helix (roughly
0.002 ǫ per monomer). To ensure that the results did not
depend on the threshold, we arried out the analysis for
at least two dierent threshold values that diered by
1ǫ, and heked that the results did not hange. This
was done for a range of hain lengths, N = 25 − 100,
and temperatures, kBT/ǫ = 0.04 − 0.045. In all ases,
the distribution of the lifetimes was niely exponential.
Two examples are shown in Fig. 2b). We onlude that
the deay from the perfet helial state is a stohas-
ti, rate-driven proess. Aording to Kramer's rate the-
ory [16℄, the height of the energy barrier, ∆E, an be
estimated from the temperature dependene of the es-
ape rate, 1/t0 ∝ exp(∆E/kBT ). The t of our data to
this law gives ∆E = 0.041ǫ (Fig. 2). Hene perfet he-
lies should persist for a long time at temperatures well
below ∆E/kB, and deay rapidly at temperatures above
∆E/kB. This is indeed observed in the simulations.
More insight into the nature of the esape proess an
be gained from looking at the dependene of the esape
rate 1/t0 on the hain length N . We assume that the
esape is initiated by the nuleation of some defet. If this
defet is loalized at the end of the hain, 1/t0 should not
depend on N ; if it is loalized somewhere in the middle,
1/t0 should be proportional to N . Fig. 3d) shows that
FIG. 3: Time evolution of the helial order parameter H4 (a)
and the total energy Utot (b) in units of ǫ at temperatures
between kBT/ǫ = 0 and kBT/ǫ = 0.3 for initially strethed
hains, averaged over 180 independent runs. The distane
between levels in the ontour plots is 0.05 in (a) (lowest level
0.05) and 20ǫ in (b) (lowest level −180ǫ).
the esape rate inreases with N , thus the esape defet
forms in the middle of the hain rather than at the end.
However, the dependene is not stritly linear; the true
situation is more ompliated than our simple argument
suggests.
At temperatures above T = 0.04ǫ/kB, the perfet
helies deay rapidly, but the system still retains heli-
al order. To determine the temperature range where
long-lived helies appear, be they perfet or imperfet,
we have alulated the average time evolution of H4 for
temperatures up to T = 0.3ǫ/kB. The result is shown
in Fig. 3a). Helies are observed at temperatures up to
T ∼ 0.1 − 0.15ǫ/kB. It is worth noting that in this heli-
al regime, the average total energy Utot is higher than at
higher temperatures ( Fig. 3b)). This proves one more
that the helial state does not orrespond to a true free
energy minimum [17℄.
Up to now, hydrodynami eets mediated by the sol-
vent were disregarded. To assess the inuene of the
latter, we have also arried out simulations of a dynami-
al model that inludes hydrodynami interations via an
appropriate mobility tensor Dij . Eq. (4) is then replaed
by [18℄
~˙ri =
∑
j
Dij ~fj +
∑
j
ξij~ηj , (8)
where ~η is distributed as before (Eq. (3)) and ξ fullls
ξξT = D. When determining the mobility tensor for
our hains, we must aount for the fat that they are
endgrafted: The rst bead is subjet to a onstraint
fore that ensures ~v1 ≡ 0 in Eq. (8). In the absene
of noise, the total fore on bead 1 is thus given by
~f1 = −
∑
j 6=1[D
free
11 ]
−1Dfree1j
~fj , where D
free
ij is the mobil-
ity tensor for free hains. Hene the eetive mobility
matrix between the remaining beads is
Dij = D
free
ij −D
free
i1 [D
free
11 ]
−1Dfree1j . (9)
The free mobility tensor Dfree was approximated by the
Rotne-Prager tensor [18, 19℄ with solvent visosity ζ.
The `square root' tensor ξ was determined by means of a
Cholesky deomposition of D.
4FIG. 4: Left: Time evolution of the loal helial order param-
eter H2 (main plot) and the global order parameterH4 (inset)
in an initially strethed hain of length N = 50 at tempera-
ture kBT = 0.01ǫ without (dashed lines) and with (straight
lines) hydrodynami interations, averaged over 100 samples.
Right: Examples of orresponding onformations.
Fig. 4 shows the average time evolution of the helial
order in suh a hain at T = 0.01ǫ/kB. At this tempera-
ture, simple Langevin motion yields highly ordered long-
lived helies (f. Fig. 1). In the presene of hydrodynami
interations, the overall motion of the hain is muh more
ooperative, and the loal propagation meanism for he-
lies does not work. As a result, the perfet global helial
order disappears, only loal order remains. We note in
passing that the most unstable hain mode, the zigzag
mode, rises to muh higher amplitudes and persists muh
longer in the presene of hydrodynamis than without.
A more detailed aount of the hydrodynami simu-
lations shall be given elsewhere. Here, we just onlude
that hydrodynami interations largely redue the eet
reported above. The helial trap is avoided in the pres-
ene of hydrodynamis. This is onsistent with previous
simulations of hain ollapse [8, 9℄, whih also showed
that hydrodynami interations tend to inhibit trapping
during hain ollapse.
To summarize, we have observed the spontaneous for-
mation of well-ordered, long-lived helies in Brownian
dynamis simulations of simple exible model polymers
at low temperatures. The eet relies on three on-
ditions: (i) The quality of the solvent must be su-
iently bad, i.e., the eetive attrative interation be-
tween monomers must be well above the thermal energy
kBT . (ii) The hain must be straight initially. The ini-
tial onformation then has unstable helial modes, whih
trigger the helix formation. (iii) Hydrodynami inter-
ations should be sreened. This is the ase, e.g., in a
porous or moleularly rowded environment. Otherwise,
the loal ordering proess is disturbed by global ooper-
ative proesses. Remnant heliity (loal helial order) is
still observed in the presene of hydrodynami intera-
tions, but the global order is muh redued.
We speulate that this eet might have ontributed to
establish helies as one of the most important strutural
elements in biopolymers. Reently, it has been hypothe-
sized that the early moleular evolution of life may have
taken plae in strongly onned environments, e.g., thin
interlinked mineral pores [20℄. In suh environments, hy-
drodynami interations are largely sreened, and hains
ollapsing from strethed onformations may form niely
ordered helies. In an ative system where polymers on-
stantly attah and detah to other objets and are per-
manently strethed and released, helies might thus have
appeared perpetually for purely kineti reasons. They
ould then have been stabilized a posteriori by suitable
hemial modiations.
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